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Abstract

We observe that a term of the WZW-type can be added to the Lagrangian of the Roissutel
in such a way that the algebra of the first class constraints remains closed. This leads to a natural
generalization of the concept of Poisson geometry. The resulting “WZW-Poisson” makifold
is characterized by a bivectd? and by a closed three-forrH such that 12[IT, IT]schouten =
(H T QMR I).
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The presence of a closed three-form field combined with other geometrical data on a
manifold may lead to discoveries of rich mathematical structures having deep applications
in theoretical physics. As a basic example of this situation we mention the construction of
the so-called WZW modelifL]. The three-form in question is the bi-invariant Cartan form
on a (simple) Lie group manifold. Its presence in thenodel action leads to conformal
invariance at the quantum level and consequently to many interesting ramifications both in
mathematics and physics.

This paper studies ageneralization of Poisson manifolds induced naturally by the presence
of closed three-forms. In other words, we shall consider trigMési1, H), whereM is the
manifold, IT the bivector, and? the closed three-form. Whei vanishes, the bivector will
have to satisfy the so-called Jacobi identify, [[T]s = O ([-, -]s is the Schouten bracket).

The manifolds with such a special are called Poisson and their study now represents
itself a well developed discipline in geometry.

* Corresponding author.
E-mail addresspth@tpi.uni-jena.de (T. Strobl).

0393-0440/02/$ — see front matter © 2002 Elsevier Science B.V. All rights reserved.
PI: S0393-0440(02)00027-X



342 C. Klim€ik, T. Strobl/ Journal of Geometry and Physics 43 (2002) 341-344

It was the idea of Schaller and Strdi2l] to associate to the Poisson manifold a spe-
cial dynamical system living on a two-dimensional surface and usually referred to as
the Poissorv-model. They have shown that the Jacobi identity is the condition which
makes thiss-model a maximally constrained dynamical system (see below for more de-
tails). This paper is based on the generalization of this observation. We actually add
to the standard Poissanr-model a term containing the three-form field in virtually
the same way as one adds the three-form term to the action of the usual WZW model
(seeEqg. (9) below). Then we ask the question: which condition milstand H ful-
fil so that the model9) is a maximally constrained dynamical system? The result is
Eqg. (10) which can be interpreted as Jacobi identity in the background of the three-
form H.

This paper provides the necessary technical details leadigg.t(L0) It was our inten-
tion to make it short and not to develop the classical theory further without controlling the
concept of quantization. Indeed, we believe that the real understanding of the significance of
the generalized Jacobi identity will lie in present{i®) as a sort of a semiclassical approx-
imation of some algebras with controlled non-associativity. The WZW-Poissmodel
(9) should then stand in the core of the non-associative generalization of the Kontsevich
formula. Although we are not able to offer here the quantization of our classical story, we
do believe that the generalizedmodel (9) and the conditior(10) contain the germ of
structures as rich as those related to the standard Poisson geometry.

We begin by the study of the following example: given a bivedtor= 1/21718; A 3;
and a two-form?2 = 1/282; dX' A dX/ on a manifoldM, we can immediately write down
the action functional

S[X, A] = / (A,- Adx! + %n‘i (X)A;i AAj + %Qij (X)dx’ A dxf> . (1)
X

Inthe story that follows¥ will be a cylindrical world-sheefX' is a collection of coordinates
on the target spacH, andA; is a set of 1-forms ot’. Of course this action can be written
also in a coordinate-independent way.

Introducing the standard world-sheet coordinateand r (the loop and the evolution
parameters, respectively) we set

A; = Ay, do + A;; dt, (2)

and rewrite(1) in the following form

I, A] = [ dodelpacx — 4] ©)
X
Here
pi = Aig = 20 X7, ¢ =0, X"+ 11" pj + 1TV Qo X*. 4

Let P be some (possibly infinite-dimensional) manifold equipped with a symplectic form
do. Suppose there is a set of functionsp®, dg, c;)fﬁ fulfilling

(h,¢*) =dgeP, (9% ¢F) =cfe7, (5)
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where the indices take values in somel&etnd the Poisson bracket correspondsgoTa
these data we associate the constrained dynamical system described by the action

S = /(9 — (h + Ae9®) do), (6)

wherel,, is aset of Lagrange multipliers agé are the corresponding first class constraints.
Now the question arises: for which pdif, 2 does the actiori3) define a maximally
constrained dynamical system in the sense described above (i.e. the relajishsuld
hold). Of coursek = 0, A;; play the role of the Lagrange multipliexs andd = ¢ p; dx'.
It is simple to answer this question. The symplectic forhads the canonical Darboux
form and the calculation of the Poisson brackets is straightforward. We obtain

(' (0), ¢’ (0")} = —(@IT" + " IP™(A2)um) (0 — ") (o), @)
provided
i, Ms=(de, 0 ® 1), 8)

holds true. The symbol[-]s denotes the Schouten bracket and the funcuﬁﬁscan be
read off from(7). The contraction on the right hand side is with respect to the first, third
and fifth entry off73. We remark that the conditiof8) is necessary and sufficient for the
system of constraints following froifi) to be of the first class (cf3] for further details).

Our discussion can be slightly generalized. Consider the bivéttamd aclosed3-form
on the manifoldM. To these data we associate the following action

S[X, A] =/ <A,~/\dXi+1-17ij(X)A,-/\Aj>+/ H. 9)
= 2 %

HereV is the interior of the cylinde® and byH we really mean the pullback @t to V
by an extension t& of the mapX’ (o, 7). Of course, there are the subtleties concerning
the boundaries of the cylinder and the WZW term. We do not give the detailed discussion
in this letter. It is a straightforward generalization of the treatmeftjinwhere the WZW
model on the cylinder is studied from the point of view of Hamiltonian mechanics.

Note that(9) reduces t@1) for H = ds2. By repeating the previous discussion, we arrive
at the conclusion that the modg) corresponds to a maximally constrained dynamical
system iff

%[n, Hls= (H, T ®I1® ). (10)

For H = 0, the action9) defines the Poissan-model[2,5,6] and the conditiorf10) says
that the bivectodT satisfies the Jacobi identity. Therefore Poisson geometry could have
been invented by asking the question when the m@)e{with H = 0) is a maximally
constrained dynamical system or a topological field theory. If we do nat/set O, the
same logic gives a natural generalization: the concept of what one might call WZW-Poisson
manifolds. We repeat that the latter is characterized by a bivétamd a closed 3-forni/
such that the conditio(iL0) holds.

It remains to understand the properties of the WZW-Poisson manifolds in more detail. It
may be that there is a non-trivial intersection of this notion with the other generalizations of
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Poisson geometry like quasi-Poisson manifditls Dirac manifoldg8] or the manifolds
leading to the non-associative generalizaf@i0] of the Kontsevich expansion.

Note addedafter completion of this work we became aware that the relgti@hwas
obtained also ifi11] within a BV approach.
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